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Estimation of Excitation Energy of Diatomic Molecules in
Expanding Nonequilibrium Flows

Chul Park*
NASA Ames Research Center, Moffett Field, California 94035

The energy contained in the highly excited vibrational and rotational states in a diatomic gas in a thermo-
chemical nonequilibrium state during expansion is estimated. The population distribution of the vibrational and
rotational states is assumed to be describable by a polynomial. The parameters in the polynomial are determined
by invoking known physical constraints. The energy contained in the internal states in excess of that accounted
for in the conventional method is calculated for N2, O2, NO, CO, and H2. The calculation is carried over a wide
range of conditions, and the results are fitted with polynomials. The population distributions so determined
agree with the theoretical and experimental results of others. A sample calculation made for a typical nozzle
flow shows that the excess energy may reach 6% of the total enthalpy of the flow, and that the flow velocity
may decrease by 3% due to this phenomenon.

Nomenclature
A = cross-sectional area of nozzle
a{ = coefficients of expansion of p, Eq. (29)
c — continuum state
D = dissociation energy measured from the ground

vibrational state, eV or cm"1

E = combined vibrational-rotational energy
(Ev + £,.), eVor cm"1

E(i) = energy level of state /, eV or cm"1

Er = rotational energy per molecule, eV or cm"1

Ev = vibrational energy per molecule measured from
the ground vibrational state, eV or cm"1

£v = excess vibrational-rotational energy per unit
mass, J/kg, Eq. (3)

g = rotational statistical weight, 2J + 1
H = enthalpy
/, /' = indices representing an internal state
J = rotational quantum number
K(i, /') = rate coefficient for collisional transition from

state / to state /', m3/s
k = Boltzmann constant
M = see Eq. (8)
m = exponent in Eq. (29)
n = exponent in Eq. (29), or number density, m~3

nE(i) = number density of state / in equilibrium, m~3

n(i) = number density of state /, m~ 3

nx = number density of colliding particles, m"3

p = pressure, atm
Q = partition function
R = absolute radius in Ev vs Er coordinate system,

eV or cm"1, Eq. (10)
r = normalized radius, Eq. (11)
T = heavy particle translational temperature, K
Tr = rotational temperature defined by lowest two

states, K
Tv = vibrational temperature defined by lowest two

states, K
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/ = time, s
V — flow velocity, m/s
v - vibrational quantum number
v — average thermal speed, m/s
a = kTID
dTr = see Eq. (16)
8TV = see Eq. (13)
E = vibrational-rotational energy, eV or cm"1

6 = characteristic vibrational temperature (coe/k), K
0 — polar angle in Ev vs Er coordinate system, rad,

Eq. (12)
p(i) = normalized nonequilibrium population for state

«, Eq. (5)
pM = normalized nonequilibrium molecular density,

Eq. (38)
p = fluid density, kg/m3

cr = excitation cross section, m2

o}e = first vibrational constant, eV
coexe = second vibrational constant, eV

Subscripts
A = atomic species A
av = average energy
B — atomic species B
E = equilibrium
M = molecule
m = maximum value
s = settling chamber
0 = origin in Ev vs Er coordinate system

Superscript
* = throat

Introduction

I T is known that the internal energy of a gas in a high-
enthalpy, low-density flow may deviate from those ex-

pected under equilibrium conditions. To predict the aero-
dynamic and heating environments under such conditions, a
multitemperature thermochemical nonequilibrium model has
been developed in recent years (see Chap. 4 of Ref. 1). In
that model, the energies contained in the internal modes of
atoms or molecules, i.e., vibration, rotation, and electronic
excitation, are calculated independently of the translational
energy. The temperatures characterizing the internal energies
are then deduced assuming that the internal states are pop-
ulated according to a Boltzmann distribution.
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18 PARK: ENERGY OF DIATOMIC MOLECULES

Under the assumption of a Boltzmann distribution and a
rigid rotator, the rotational temperature is related to rota-
tional energy by

eV (1)

For the vibrational mode, it is customary to assume that all
vibrational energies are contained in the ground electronic
state and that molecules behave as a harmonic oscillator,
which leads to

£,. - eV (2)

In a compressive nonequilibrium region, such as behind a
normal shock wave in which dissociation and ionization occur,
the upper states of the internal modes are generally under-
populated while the chemical reactions are in progress, i.e.,
attain number densities smaller than those dictated by the
Boltzmann relation. By assuming the internal states to be
populated according to a Boltzmann distribution, the internal
energy is overestimated. Since the upper state contribution is
small even in a Boltzmann distribution, this error is usually
negligibly small.

When a molecular species is heated to a dissociating tem-
perature in a settling chamber, and is expanded through a
nozzle, an atomic recombination process occurs in the noz-
zle. The ensuing coupled vibration-recombination nonequilib-
rium relaxation process has been a subject of an intensive
study in the past three decades.2"21 It became known, both
through theoretical reasoning2"7-12-13 and experimental veri-
fication,14"16 that the low intermediate vibrational levels tend
to acquire a concave-upward population distribution known
as Treanor distribution, due to the prevelance of the vibration-
to-vibration energy exchange and anharmonicity of the vi-
brational energy levels. The uppermost vibrational levels tend
to be in equilibrium with the free (dissociated) states,9"11 and
hence, are generally overpopulated in relation to the lower
vibrational states.

These overpopulated upper vibrational states contain en-
ergy not accounted for by Eq. (2). A similar phenomenon
exists for the rotational mode. Expressing the average exci-
tation energy by e, the excess energy per unit mass can be
defined by

Ex = nM\e - kTr - HA J/kg (3)

This excess energy can potentially be sufficiently large to be
of concern. By ignoring this excess energy, one errs in de-
termining the state variables. One consequence of this will
be that the flow velocity may be overestimated. This would
lead to overestimation of thrust in rocket engines, and of
forces acting on a model placed in a wind tunnel.

The existing theoretical works on the distribution of high
vibrational states9-10 show considerable variation. This is partly
because of the uncertainties in interaction potentials in cal-
culating the state-to-state vibrational transition rates. The vi-
brational and rotational transitions may be coupled, i.e., si-
multaneous changes in vibrational and rotational quanta may
occur in a single collision. The rates of such transitions are
even less known. In addition, calculation of the bound-free
transition processes are made complicated because of the ex-
istence of the rotational barrier. Experiments are equally dif-
ficult for the high states because the radiation emission, ab-
sorption, scattering, or fluorescence of the upper states, if
they exist, are usually weak for those states.

It is the purpose of the present work to estimate the excess
energy contained in the high vibrational and rotational states
in an expanding reacting flow. The work is based on the
assumption that the population distribution of the vibrational

and rotational states, when normalized by their Boltzmann
values, is describable by a polynomial in energy coordinates
containing seven parameters. The parameters are determined
by invoking seven known physical constraints. They are, one
at the ground state, three at the dissociation limit, the mass
conservation law, the Treanor distribution for the interme-
diate states, and the requirement that the method results in
a most conservative estimate of the excitation energy. This
procedure circumvents having to know the state-to-state tran-
sition rates. The calculation is performed for N2, O2, NO,
CO, and H2, and the results are packaged into a group of
numbers, from which the excess energy can be determined
through interpolation. In order to assess how large the excess
energy is, and how this phenomenon affects the thermody-
namic state in a high enthalpy wind tunnel flow, calculation
is made of the flows including the excess excitation phenom-
enon for typical shock-tunnel conditions. The calculation shows
that the excess energy is a significant fraction of the total
enthalpy of the flow.

An effort similar to this was made in the work of Ruffin,13

wherein the average vibrational temperature representing the
vibrational energy Tvav is calculated, as well as the vibrational
temperature characterizing the low vibrational states Tv. The
work shows that Tvav is always higher than 71,,, the difference
representing the excess vibrational energy. The present work
is an improvement over that work in that the effect of atomic
recombination into the high levels, which was neglected by
Ruffin, and the energy contained in the excited rotational
states are both accounted for.

Until recently, there existed another issue with the ex-
panding diatomic gas flows that, in experimental observa-
tions, vibrational relaxation seemingly proceeds at a rate
faster17-18 than that expected from the known vibrational re-
laxation times.19 However, in a recent experiment conducted
in a clean environment, such anomaly did not occur.20-21

Therefore, this problem is not addressed in the present work.

Derivation
Fundamentals of Molecular Relaxation

Imagine a reacting system in which a molecular species M
coexists with the atomic species A and B that are produced
as a result of its dissociation:

B

Only the ground electronic state of the molecule is considered
here. In a nonequilibrium environment, the populations of
the vibrational and rotational states of such a molecular spe-
cies are governed by a master equation that is well known
(see, e.g., Chap. 3 of Ref. 1). By defining the equilibrium
number density nE(v, /) by

e(v, /)
= «/i«* -TTTT" exP (4)

and the normalized nonequilibrium population p(v, /) by

n(v,J)
P(V' } " n£(v, /) (5)

the master equation can be written as (see Chap. 3 of Ref.

+ K(J, v,

K(J, v,

- p(v, J)] (6)
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Fig. 1 Polar coordinate description of vibration-rotation space.

If the collision energy kT is larger than the energy gaps
between the neighboring states, one can consider the states
to be continuously distributed. Then, using the notation

v' = v + Av,

Eq. (6) can be written as

/' = / + A/

K(J, v, J', v')[p(V, J") - p(v, 7)]ftAvA7

+ K(J, v, c)[l - p(v, /)] (7)

The quantity 11 is the scale factor associated with the trans-
formation of the coordinates from the discrete to the contin-
uum type. Among the low vibrational and rotational states,
it is known that the transitions occur preferentially among the
neighboring states, i.e., a selection rule exists. For these states,
the second moment of transition defined by

M = v/)2ft d(Av) d(A/) (8)

is bounded. Here, the quantity Av/ symbolically represents
the distance between the (v', /') and the (v, /) points in the
v-J coordinate system. In that case, the master equation can
be written further as (see Chap. 3 of Ref. 1)

^ = V(MVp) + K(v,J, c)(l - p)

where the sign V represents a two-dimensional derivative in
the v and / coordinates. For the low states, the rate coefficient
K(v, /, c) is small because the threshold energy AE = D
- E(v,J) is large for those states. Therefore, the last equation
can be written for these states approximately as (among low
states)

(9)

a) 0

Er-plane intersect
(slope =

b) 0

Plane
tangent
at origin

Ev-plane intersect
(slope = -Ev/kTv)

Fig. 2 Mathematical behavior of the solution of the master equation
in the Ev-Er-p space.

0 is defined by

r = RID

0 = tan"1 (£,/£„)

(11)

(12)

The dissociation limit is given by R = R,n(0) or r = rm(0).

Behavior at Origin
The solution of the master Eq. (7) forms, in general, a

surface in the v-J-p or r-S-p coordinate system. The surface
is illustrated in Fig. 2a. The problem resembles that of a
triangular-shaped piece of heat conductor heated at the hy-
potenuse. At the origin, the piece is in contact with a heat
sink. Since the equation resembles a diffusion equation at and
near the origin Ev = Er = 0, and since the solution of a
diffusion equation around a point is a plane, there exists a
plane tangent to the solution at the origin, as illustrated in
Fig. 2b. The slope of the Er-plane intersect of the tangent
plane must be compatible with the given vibrational temper-
ature, because vibrational temperature is defined as the ratio
of the populations between the excited and the ground vi-
brational states for/ = 0, i.e.,

which is a diffusion equation
To describe the behavior of the normalized population p

in the two-dimensional space of v and /, one introduces polar
coordinates r and 8 shown in Fig. 1. R and r are first defined
as

R = eV (10)

By normalizing n(v) by the equilibrium value corresponding
to r, one obtains the relation

^ i
D IF =d E J ( }

D D
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For convenience, the quantity on the right side is designated
by

(13)

(14)

(15)

(16)

In an expanding flow through a nozzle, the flow residence
time is usually such that rotational temperature equalizes with
the translational temperature, so that

so that

Likewise, for the £,-plane intersect, there results

D l ^ l =

where

8T, = 0 (17)

In this coordinate system, the two conditions at the origin,
Eqs. (14) and (15), and the condition that the solution is a
plane at the origin, can be combined into a single equation

— ) = p0(dTr sin 6 + 8T, cos 0) = p0dTv cos 6 (18)
dr/

Behavior at Dissociation Limit
Among the high vibrational and rotational states, the quan-

tity M in Eq. (8) is not bounded. Therefore, one must study
the integro-differential Eq. (7) to understand the behavior
among these states. Among these states, all transitions, for
both bound-bound and bound-free, occur approximately with
a fixed cross section. If the variation of rm with 0 (from 1 at
0 = 0 to about 2 at 6 = W2) can be ignored and can be
assumed to remain unity for all 6, then p becomes a function
only of r. Equation (7) for these upper states can then be
written as

- J = P" K(r, r')(p' - p) dr' + K(r, c)(l - p)
nY dt Jo

- r « 1 (19)

where p' represents p(v'). This equation is similar to that
derived by Brau.7

Designating the transition cross section by a and the mean
thermal speed by v, and introducing the symbol a = kTID,
K(r, c) can be written as

„, . _ P / 1 ~ r + r'K(r, c) = av \ exp I - ——————
Jo y a.

dr'

= crva exp
1 - r

m3/s (20)

Likewise, K(r, r') becomes

K(r, r') = ava, m3/s for r' < r (21)

r, r') = ava exp I -
r' — r

mi3/s for r' > r (22)

Among these high states, a quasi-steady-state exists,59 l ( )

and so the left side of Eq. (19) can be set to zero, leading to

K(r, r')(p' - p) dr' + K(r, c

rm - r « 1

Eq. (23) can be written as

p - I G(r, r')p' dr' + //(r, c),
Jo

where

K(r, r'

- p) - 0

(23)

rm - r « 1 (24)

G(r, r') =

H(r, c) =

f<v,,
K(r, r") dr" + K(r, c)

Jo

K(r, c)

f'" K(r, r")
JO

") dr" + K(r, c)

Equation (24) is a linear integral equation of Fredholm type
of the second kind. It can be solved approximately in the
region rm - r « 1, by expanding the exponential function
in Eqs. (20) and (22) into a Taylor series around the point r
= rm. The resulting equation can be solved by using the
method of successive substitution. With the assumption of p0
= 0, the first two terms of the solution to Eq. (24) become

p = 1 - 0.25[(rm - r)2]/a + 0[(rm - r)3]

This means that the value of p is unity at the dissociation limit

P(rm) = 1 (25)

the slope is zero at the dissociation limit

^ - « (26)

and the curvature at the dissociation limit is

k̂T
(27)

The relations (25) and (26) had been observed empirically in
Refs. 5 and 9-11. The relation (26) is used also by Ruffin in
his approximate model.13 The present derivation reaffirms
those observations. The condition (27) is an additional rela-
tionship obtained through the present analysis.

Behavior Among Intermediate Levels
In an environment where molecule-to-molecule collisions

dominate over atom-to-molecule collisions, the low-inter-
mediate states attain the so-called Treanor distribution of
population described by2

In the notations of the present work, it becomes

P. = A,exp
\EV ^xjE^/D D

-^- + —— (-J J ̂ —— - -
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or

8TV (28)

Polynomial Model
The solution of the master Eq. (6) in the r-Q coordinate

system is assumed in the present work to be expressible in
the form

'"[p(r, 0)] = a(} + a{(0)r + a2(0)r2 + a3(0)r™ + a4(0)r"
(29)

The average energy e is given in this case as

[fl tr + a2r2 + aym + a4r" - E/kT]Eg

(30)

The coefficients at and the exponents m and n are determined
by imposing the following constraints:

Slope at the Origin
To satisfy Eq. (18), there follows

a{(0) = 8TV cos 0 + 8Tr sin 0 = 8TV cos 0 (31)

Treanor Distribution Among Intermediate States
By comparing the r2 term in Eq. (29) with that in Eq. (28),

there follows

a2 = (32)

Imposition of this condition tacitly assumes that molecule-to-
molecule collisions dominate over atom-to-molecule colli-
sions, which will be true provided the degree of dissociation
is not large.

Value at the Dissociation Limit
To satisfy Eq. (25), there follows

'"[P(O1 = *o + *i(0K, + <h(6)r2
m + fl3

n + a4(0)rm" = 0 (33)

r/ze Dissociation Limit
To satisfy Eq. (26), there follows

- — )
P °r/ r

2a2(8)rm

+ na4(0)r»m-1 = 0 (34)

Solving Eqs. (33) and (34) for a3 and a4, one obtains

flp + (n - l)airm + (n — 2)a2r2
na, = --

(n —

a4 = --

(35)

(36)

Curvature at the Dissociation Limit
The quantity /„ p varies from 00, a value of the order of

— 100, to zero, whereas p varies from exp(«0), a near-zero
value, to unity. Therefore, in applying the condition on cur-

vature, Eq. (27), the vertical scale must be stretched by the
absolute value of «0, leading to

dr2 = 2a2 + m(m — I)a3r% 2 + n(n — I)a4r"n~l

«ol £. (37)

Conservation
The mass conservation law dictates that the sum of all in-

ternal state populations must equal the known total number
density of the molecule nM, i.e.,

m~

One can introduce the normalized nonequilibrium molecular
density pM, which is the ratio between the given number den-
sity and the equilibrium value based on the free-state densities

_D (3g)
M
 r kT)

The mass conservation condition can then be expressed as

PM = -Q- S S p(r, 0)g «

Po v ^

(39)

Conservative Estimation
The choice of parameters should be such that the excitation

energy deduced is most conservative, i.e., the least. The ex-
citation energy content along a fixed 0 can be defined as

= I £(r, 0)p(r, 0)nE(r, 0) dr
Jo

(40)

Taking n as the parameter to be adjusted for this purpose,
the condition can be written as

dn
(41)

By solving Eqs. (35-37) and (41), one can, in principle,
determine «3, «4, m, and «, uniquely. However, it is prohib-
itively expensive to do so. Hence, calculation is made here
of the curvature, (d2 /'„ pldr2)rm [to see if the condition Eq.
(37) is met], and the energy ee [to see if the condition Eq.
(41) is met], for a range of m and n values, with the «3 and
a4 values constrained by Eqs. (35) and (36). The results show
that both the curvature and the energy content are a weak
function of m and n. When m is fixed as 4, the n value that
satisfies Eq. (37) varies between 5-8. Therefore, for sim-
plicity, m and n values are fixed as

m — 4, n = 6 (42)

Typical behavior of the normalized population p so-deter-
mined is shown in Fig. 3. The figure confirms the qualitative
description given in Fig. 2.

For given values of p0, r, and Tv, Eqs. (35), (36), (39),
(30), and (3) are evaluated for the m and n values given by
Eq. (42). The resulting Ex values are then regarded as a func-
tion of pM, T, and Tv. The calculations are carried out for 15
values of pM, and five values each of T and Tv. The variation
of Ex with T and Tv are expressed using a fourth-order poly-
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Normalized population along constant 9 in N

p0=10 , T=Tr=1000 K, Tv=3000 K

10V

0.0 1.0 1.5 2.0

Normalized radius r=R/D

Fig. 3 Variation of normalized population p with r and 0 for a typical
flow condition for N2.

nomial. The resulting 15 x 5 x 5 = 375 values are presented
for use in determining Ex through interpolation. The source
program of the interpolating subroutine is given in Ref. 22.
The calculation has been carried out for N2, O2, NO, CO,
and H2. The coefficient values, which are different from those
in Ref. 22, are available on request.

Comparison with Other Works
Ruffin's Theoretical Calculation

In order to verify the validity of the present procedure for
determining the distribution of internal states, the calculated
vibrational distributions are compared first with those ob-
tained by Ruffin.13 The cases considered are those of N2 cool-
ing from 6000 to 1000 K, with an assumed average vibrational
temperature of 2500 or 5800 K. The average vibrational tem-
perature is defined by Ruffin as the temperature that corre-
sponds to the vibrational energy contained. The vibrational
temperature defined by the two lowest levels, which is the
vibrational temperature used in the present work, is 2460 and
4610 K, respectively. For both cases, quasi-steady-state dis-
tribution is calculated by Ruffin through integration of master
equation. The calculation does not account for atomic recom-
bination into the upper levels, and therefore, the condition
Eq. (25) is not enforced. For the purpose of comparison, the
exponents m and n are varied over a range.

The results of the present calculation are presented in Figs.
4a and 4b, and compared with the calculations of Ruffin. For
the case shown in Fig. 4a, the present calculations lead to
much higher populations than the Ruffin's values for levels
above 60,000 cm"1. This is because of the suspension of Eq.
(25) in Ruffin's calculation. Except for the case with m = 3
and n = 4, the present results are generally in agreement
with Ruffin's work below 60,000 cm"1. For the case in Fig.
4b, the populations of the upper levels calculated by the pres-
ent method are not much different from those of Ruffin.
Apparently, at the high vibrational temperature, suspension
of Eq. (25) does not lead to a large error. Here, the choice
of m = 4 and n = 6 is seen to give the closest agreement
with Ruffin's calculation below 60,000 cm"1. Note that the
concave-upward trend of the Treanor distribution is repro-
duced by both the present and Ruffin's calculations for both
cases.
Bender Experiment

Secondly, the present method is compared with the exper-
imental data of Bender, in which the population of first 10

N2 cooling from 6000 to 1000 K
Tv=2460 K, Tvav=2500 K

— Present work
O Ruffin. master eg, 1993

a)

2 4 6

Vibrational energy level, cm

8x10

10" r

10"

5 10-

10"

10

N2 cooling from 6000 to 1000 K
Tv=4610 K, Tvav=5800 K

— Present work
O Ruffin, master eq, 1993

8x10

b) Vibrational energy level, cm"

Fig. 4 Comparison between the present method and master equation
integration by Ruffin13 for N2; original temperature = 6000 K, pres-
sure = 1 atm, cooled translational temperature = 1000 K: a) 7\, =
2460 K (Tvav = 2500 K) and b) Tv = 4610 K (Tvav = 5800 K).

vibrational levels of CO are measured in an arcjet wind-tunnel
nozzle flow of an Ar-CO mixture.14 The case compared is one
in which the CO fraction was 9.3% by volume, and settling
chamber temperature was 2400 K. The m and n values of 4
and 6 are used for this purpose. The results are compared
with the experimental data and the result of the calculation
of Ruffin13 in Fig. 5. Two different methods have been used
by Ruffin: 1) master equation integration and 2) a simplified
model. As seen in the figure, the present method agrees with
both the experimental data and Ruffin's calculations for the
observed range of vibrational levels. The difference between
the present result and the result of Ruffin for higher vibra-
tional levels is attributed also to the suspension of Eq. (25)
in Ruffin's work. The Treanor distribution observed experi-
mentally is correctly reproduced by both the present method
and Ruffin's work, even though argon constitutes 91% of the
flow. This supports imposition of Treanor distribution [Eq.
(32)].

Horn and Oettinger Experiment
Next, the present method is compared with the experi-

mental data of Horn and Oettinger.15 In that experiment, a
subsonic flow in a tube was heated with a microwave dis-
charge. The measurement was made in the flow in the down-
stream relaxation region. The test gas was a mixture of CO



PARK: ENERGY OF DIATOMIC MOLECULES 23

1 0

10"

10"

1 1 O'3
a

1 io~4

o
"is
-Q -5> 10 5

10

10"

CO in arc-jet wind tunnel flow
ps=7.1 atm, T3=2400K, A/A*=3.4
• Bender, exp, 1975

—— Present work
—— Ruffin, master eq, 1993
--- Ruffin, simple model. 1993

J_
0.0 0.5 1.0 1.5 2.0 2.5x10

Vibrational energy level, cm"1

Fig. 5 Comparison between the present method and Ruff in \s results
for the experimental condition of Bender14 for CO in an arcjet wind-
tunnel nozzle.
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1 0"
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CO-N2 in flow tube, T=350 K
Horn & Oettinger, exp, 1971

- Present work
• Caledonia & Center, master eq, 1971

_L _L J_ _L J_
0.0 0.5 1.0 1.5 2.0 3.0x10"

CO vibrational energy level, cm"

Fig. 6 Comparison between the present method and the results of
Caledonia and Center6 for the experimental conditions of Horn and
Oettinger15 for CO-N2 in microwave-heated flow in a tube.

and N2. Two test conditions are reported in Ref. 15: one for
Tv = 2875 K, and the other Tv = 3500 K. For this case, pM
values are not known. Therefore, pM is adjusted in the present
calculation until the best match with the experimental data is
obtained: to 3 x 10~63 to the case of Tv = 2875 K and 1 x
10 ~55 for the case of Tv = 3500 K. The values of m and n
are kept at 4 and 6, respectively. In Fig. 6, the results of the
present calculation are compared with the experimental data.
Shown also in the figure are the results of the master equation
calculation by Caledonia and Center.6 As seen in the figure,
the present method can reproduce the data closely, and at
least as well as the work of Caledonia and Center.

Joekle and Peyron Experiment
Lastly, the present method is compared with the experi-

mental data of Joekle and Peyron.16 The experimental method
used was the same as that of Horn and Oettinger. The pa-
rameters selected are: pM = 3 x 10~63, m = 4, and n = 6,
respectively. The present method is compared with the ex-

CO-N2 in flow tube, T=350 K, Tv=2500 K
• Joekle & Peyron, exp, 1970
• Present work
•—• Caledonia & Center, master eq. 1971

1 2 3

CO vibrational energy level, cm

4x10

Fig. 7 Comparison between the present method and results of Ca-
ledonia and Center6 for the experimental conditions of Joekle and
Peyron16 for CO-N2 in microwave-heated flow in a tube.

perimental data and the master equation calculation by Ca-
ledonia and Center6 in Fig. 7. The two curves attributed to
Caledonia and Center were obtained using different param-
eters in the calculation. Again, the present method is in agree-
ment with the experimental data and the master equation
calculation.

Application
Following the procedure described above, the excess energy

Ex is calculated for typical shock-tunnel flow conditions. In
this flow, N2 at/79 = 100 atm in a settling chamber is expanded
through a contoured nozzle of a length of 3 m and an area
ratio of 200. The flow enthalpy is varied between 7.5-25 MJ/
kg in the calculation. The calculation of Ex is carried out fully-
coupled with fluid motion using the NOZNT code.23 For the
purpose of comparison, the calculation is carried out also
excluding Ex. The calculation is not performed for enthalpies
below 7.5 MJ/kg, because the NOZNT code requires the pres-
ence of a significant amount of electrons in the flow.

The results of the calculation are shown in Figs. 8 and 9.
In Fig. 8a, the translational-rotational temperature T and the
vibrational temperature Tv along the nozzle are compared for
the cases with and without Ex. As seen here, T is significantly
lower when Ex is included. In Fig. 8b, the flow velocity and
the magnitude of Ex, normalized by the flow enthalpy H, are
shown. As seen here, velocity is about 1% slower for the case
with finite Ex (4978 vs 5027 m/s). The excess energy Ex reaches
3% of the flow enthalpy for this case. Although not shown,
most of this excess energy is in the vibrational mode: the
energy contained in the highly excited rotational states is found
to be negligibly small.

In Fig. 9,EX/H and the fractional decrement of flow velocity
at the nozzle exit - AV7V, where AV is the difference between
the velocity with and without Ex, and V in the denominator
is the velocity without Ex, are plotted against the flow en-
thalpy. As seen here, both these quantities are larger at low
enthalpies, at least within the range calculated. Presumably,
Ex approaches zero below 7.5 MJ/kg. The ratio EJH exceeds
6%, and - AV/V exceeds 3% at 7.5 MJ/kg. This shows that
the excess excitation energy must be accounted for in the
calculation of properties in a high-enthalpy nozzle flow, es-
pecially in a weakly dissociated regime.

Discussion
Although the present method incorporates and accom-

modates many existing theories and experimental data, sev-
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Fig. 8 Effect of excess excitation energy on shock-tunnel nozzle flow
of nitrogen; nozzle length = 3 m, exit area ratio = 200, ps = 100
atm, H = 20 MJ/kg: a) translational-rotational and vibrational tem-
peratures and b) EXIH and V.
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Fig. 9 Variation of EJH and velocity decrement —AV/V with en-
thalpy for nitrogen flow; nozzle length = 3 m, exit area ratio = 200,
ps = 100 atm.

eral problems still remain. First, there is an uncertainty about
the values of m and n. As mentioned in polynomial method,
one must solve Eqs. (37) and (41) simultaneously to determine
these parameters precisely, which is prohibitively expensive
to do. The two quantities are functions of Tv, pM, and DlkT.
Finding the functional relationship between the values of m
and n and the three parameters is left for the future.

In assessing the impact of the present work on the behavior
of an expanding flow (see Figs. 8 and 9), the NOZNT code23

was used. In that code, Millikan and White-type relaxation
is assumed to occur to the vibrational energy of a harmonic
oscillator with a temperature corresponding to the lowest two
states. According to Ruff in,13 Millikan and White-type vibra-
tional relaxation occurs with respect to the average vibrational
energy, which means that the sum of the vibrational energy
calculated in NOZNT and the excess energy defined in the
present work relaxes according to the Millikan and White
formula. This point needs to be resolved in the future also.

Finally, it is noted that the results of the past experiments,
in which the vibrational temperature was measured indirectly
using either the sodium (or chromium) resonance line ab-
sorption technique (see, e.g., Ref. 24), langmuir probes, or
microwave devices,25"27 have not yet been fully explained either
by the experimental work of Sharma et al.,20-21 the theoretical
work of Ruff in,13 or the present work. In general, those ex-
perimental data show vibrational temperatures lower than
predicted by the latest theories.

Conclusions
The energy contained in the high vibrational and rotational

states of a diatomic molecule in a nonequilibrium thermo-
chemical state during expansion is estimated using an as-
sumption that the internal state populations, when normalized
by their respective equilibrium values, are describable by a
polynomial. The population distributions so-determined agree
with the existing experimental data and calculations. For a
typical flow in a shock-tunnel nozzle, the energy contained
in the high states reaches up to 6% of the total enthalpy of
the flow, and the flow velocity is reduced by up to about 3%.
Several problems still remain to be resolved in the future.
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